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Abstract - Neuroevolution techniques have been successful in
many sequential decision tasks such as robot control and game
playing. This paper aims at establishing whether they can be
useful in numerical optimization more generally, by comparing
neuroevolution to linear programming in a manufacturing op-
timization domain. It turns out that neuroevolution can learn
to compensate for uncertainty in the data and outperform lin-
ear programming when the number of variables in the prob-
lem is small and the required precision is low, but the current
techniques do not (yet) provide an advantage in problems where
many variables must be optimized with high precision.

I. INTRODUCTION

Evolving neural networks with genetic algorithms has
provento beapowerful approachto many sequentialdecision
making taskssuchas robot control andgameplaying (Clif f
etal.1993;Fogel2001;GomezandMiikkulainen1999,2001;
Moriartyetal.1999;Nolfi etal.1994;Whitley etal.1993;Yao
1999). In suchdomains,a policy needsto be learnedwhere
optimalactionsareidentifiedfor eachstate.Usuallythestate
andtheactionsarediscrete,or requireonly a limited amount
of numericalprecision. An open questionat this point is
whetherneuroevolution methodscouldalsosolve large-scale
numericaloptimizationproblemssuchas thoseoccurringin
resourcemanagement,manufacturing,andprocesscontrol.

Numerical optimization is usually performed using the
well-known techniqueof Linear Programming(LP; seee.g.
Taha1987). LP cansolve the optimizationproblemexactly,
giventhattheconstraintsandtheobjectivefunctionarelinear
anddeterministic.However, in realworld applicationsthereis
oftenuncertaintyin thedata.Uncertaintymakesit necessary
to maintainsafetymargins,which in turn leadsto suboptimal
solutions.

Oneway to solve this problemin principlewould beto an-
alyzethedistributionof theuncertaintyin thedataandusethe

observedregularitiesto improve the optimizationprocess.It
is difficult to make useof suchdistributions in LP because
the problem effectively becomesnonlinear. An alternative
is to replaceLP with a nonlinearneuralnetwork, trainedto
make optimaldecisionsunderuncertainty. Becausetheopti-
mal decisionsarenot known, standardtrainingmethodssuch
asbackpropagationcannotbeapplied.However, a successful
network canbeevolvedusinggeneticalgorithmsto maximize
optimizationperformance.

In this paper, this ideais put to test in a challengingreal-
world application:optimizinga metalrecycling process.The
systemhasto representalargenumberof mass,concentration,
and cost variablesaccurately, and optimize thesevariables
under uncertainty. Neural networks were evolved using a
methodcalledEnforcedSub-Populations(ESP),becausethis
methodhasbeenshown more powerful than standardrein-
forcementlearningtechniquesin many control tasks(Gomez
andMiikkulainen1997,1999,2001).

Themainresultwasthatneuroevolution foundbettersolu-
tionsthanLinearProgrammingwhenthenumberof variables
waslow. Neuroevolutionwasalsoableto improveits solution
as the amountof precisionrequiredwas reduced. This is a
promisingresult,which alsopresentsa significantchallenge
for furtherneuroevolutionresearch.

II. THE ESP NEUROEVOLUTION METHOD

ESPis anextensionof SymbioticAdaptiveNeuroevolution
(SANE;Moriarty andMiikkulainen1996,1997).Unlikestan-
dardneuroevolution,wherethepopulationconsistsof full net-
works,SANE evolvesa populationof neurons.Eachneuron
hasits own input andoutputweights,so that a 3-layerfeed-
forwardnetwork canbeformedby placinga numberof these
neuronstogetherinto thehiddenlayer. Theneuronsareeval-
uatedbasedonhow well thedifferentnetworksin which they
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Fig. 1. The Enforced Sub-Populations Method (ESP). Thepopulationof neuronsis segregatedinto subpopulationsshown hereasclusters
of circles. Thenetwork is formedby randomlyselectingoneneuronfrom eachsubpopulation.Eachnetwork is testedin thetaskanda
fitnessscoreis assignedto eachof theneuronsdependingon how well thenetworks in which they participateperformon average.This
way evolution searchesfor compatiblesubtasksandoptimizeseachsubtaskseparately, which is fasterandmorepowerful thana direct
searchof full networks.

participateperformin the task. Sincegoodnetworksrequire
different kinds of neurons,diversity is automaticallymain-
tainedin the population,which allows evolution to proceed
moreeffectively thanis possiblein network-level evolution.

ESPtakesthis ideaonestepfurtherby evolving eachhid-
denneuronin itsownsubpopulationGomezandMiikkulainen
1997,1999,2001.Crossoveronly occursbetweenneuronsof
aparticularsubpopulation,allowing eachneuronto specialize
in its role in the network (figure 1). In effect, evolution not
only maintainsdiversity automatically, it also definescom-
patible subtasks,and finds the solution by optimizing each
subtask.Suchsubtaskingmakesthesearchfor solutionmore
efficient.

ESPhasbeenshown to performwell in many benchmark
taskssuchasprey captureanddoublepolebalancing(Gomez
and Miikkulainen 1997, 1999, 2001). It can solve easier
tasksfasterthanstandardreinforcementlearningmethodsand
other neuroevolution methods,and it can solve harderver-
sionsof suchproblems.However, ESPandotherneuroevo-
lution methodshavenot beentestedbeforein numericalopti-
mizationproblemsrequiringhigh precisionandhigh dimen-
sionality.

III. EXPERIMENTS

A. TheOptimizationDomain

In the experiments,ESPwas applied to the domainof op-
timizing a metal recycling process(Lahdelmaet al. 1999).
In the most generalform, the problemis as follows: A re-
cycling plant receivesraw materialswith stochasticamounts
and intervals. Using theseraw materials,the task is to pro-
ducealloys with specificconcentrationsof elements(suchas
Cu,Si, Fe...)througha meltingprocessto fill outstandingor-
ders,whichalsoarrivestochastically. Thegoalis to maximize
long-termprofits, taking into accountraw materialcostsand
productvalues,quality tolerances,andstoragecosts.

Uncertaintyis introducedin the melting processin sev-

eral places. The elementconcentrationsin the raw materi-
alsareroughestimates;raw materialsmayinteractin thefur-
nace;someelementsmayburn off morequickly thanothers,
changingtheconcentrationsof thefinal productunexpectedly.
Theserandomfactorsmaketheoptimizationproblemdifficult
to solvereliably andaccurately.

Ratherthanoptimizing theentireprocess,theexperiments
in this paperfocuson robustoptimizationunderuncertainty.
To reduceconfoundingfactors,theproblemwaslimited to op-
timizing thevalueof oneorderthesameway it is commonly
donein practice:thegoalis to produceasmuchof theproduct
aspossiblein onechargeto thefurnace.Morespecifically, the
taskis to find themasses��� of raw materials� suchthat�����	������
�� ��
�������� � � ��� (1)������� ��� �!�#"� � � �%$ ��
���� � (2)& $ ��� $ �'�#( 
���� � (3)� �*)�+-,.+ ��/������103254 + ( 
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where �	
��9� is themaximummassthatmaybeplacedin the
furnace,� �#( 
���� is thetotal amountof material� that is avail-
able, ) +;:=< &�>?>�@ A is the yield of elementB , , + � is the concen-
tration of elementB in material � , / � :C< &	>->�@ A is the yield of
material� , 2;D � � /8���'� is themassof theproduct,and 4 + ( 
�6 7
and 4 + ( 
��9� arethe minimum andmaximumallowed concen-
trationsof elementB in theproduct.

A databaseof 1000 actualordersof the Kuusakoski alu-
minum recycling plant (Lahdelmaet al. 1999) was usedin
trainingandtestingthesystem.Eachorderspecifiedtheprod-
uct massand boundariesfor the elementconcentrations,as
well astheavailableraw materialamountsandconcentrations.
Therewere13raw materialsin thesystemandconcentrations
werespecifiedfor 10differentelementsfor eachraw material
(asshown in figure2).



Fig.2. An optimization network. Eachnetwork had20hiddenunits,fully connectedto theinputandoutput(onlyasubsetof theconnections
areshown). Theinputsconsistof thedesiredproductmassandelementconcentrations,andthemassandelementconcentrationsof each
raw material. The outputsconsistof the percentagesof eachraw materialto be usedin the process.The massesandthe percentages
aremappedto intervalsrepresentedby (max)20 units (shown asclustersof units); theconcentrationswerescaledbetween0 and1 and
representedby activationvaluesof singleunits.

The input to the optimizer(a network or the LP program)
consistedof the massesand elementconcentrationsof the
availableraw materialsandthe targetproductmassandcon-
centrationboundaries.Theoutputsindicatedthepercentages
of eachraw material to be usedfor the charge. In the do-
main simulation,the productmassandconcentrationswere
first calculatedexactly usingtheoutputvalues,anda signifi-
cantamountof noise(25%)wasthenaddedto thecalculated
values.Suchstochasticitymodelstheuncertaintyin themelt-
ing processandin theraw materialconcentrations.Although
therearenohiddenregularitiesin thedistributionsin thissim-
plemodel,theevolutionprocessshouldbeableto adjustto the
level of uncertaintyto improveits performance.

B. OptimizationunderUncertainty

Theoptimizationproblemspecifiedabovemakessenseif the
valuesare exact. However, the task needsto be modified
slightly to allow optimizationunderuncertainty.

Becauseof the noise, LP optimization of equations1–5
would often generateproductsthat did not meet the con-
straints2-5. Therefore,safetymargins were introducedto
problemsgiven to LP. The elementconcentrationtolerance,
i.e. the differencebetween 4 + ( 
�6 7 and 4 + ( 
��9� , was reduced
50%.ThiswayLP wasforcedto find solutionsawayfrom the
boundaries,leaving a safetymargin againstnoise. The 50%
reductionwas the maximumsafetymargin possible: tighter
boundswould have madethe optimizationproblemsinfeasi-
ble.

Theobjective functionalsoneededto bemodifiedto serve
asa fitnessfunctionfor ESP. Dueto theexplorativenatureof
the evolutionarysearchprocess,a large numberof the ESP
solutionsareinfeasibleduringlearning.If thechargewastoo
large,violating constraint(2), a penaltyequalto undershoot-

ing by the equalamountwas introducedto fitnessequation
(1). Becausetheraw materialamountsrepresentpercentages,
constraint(3) wasnever violated. If the elementconcentra-
tion bounds(4) or (5) wereexceeded,exponentialpenaltiesE +
wereintroduced:

E + DGF HI JLKNMPORQ SPTVU�WYXVO if 4 + ( 
�6 7[Z]\ + �K XVO^W.MPOPQ SPTVU if \ + Z 4 + ( 
���� �&
otherwise� (6)

where \ + is theconcentrationof elementB in theproductand4 + ( �V_ ` is theaverageof 4 + ( 
�6 7 and 4 + ( 
���� , i.e. theminimumand
maximumconcentrationsof element B . The constantF can
be adjustedexperimentallyto encouragefeasibility without
overwhelmingtheotherconstraints.Thevalue FaD @N&8&

was
foundto work well in theseexperiments.

Becauseof theuncertaintyin thedomain,bothLP andESP
still sometimesgenerateinfeasiblesolutions. The objective
function thereforecannotbe directly usedto comparetheir
performanceacrossa large set of orders. Instead,a profit
function wasusedwhich takes into accountthe costof raw
materials,thecostof additivesto fix aproductif possible,and
thevalueof theproduct:b Ddcfeg��h + \ +jik+ �lh �nm � � ��� (7)

where c is the valueper unit of massfor the productin the
order, e is the total massof the productproduced,\ + is the
costof the additive B per unit of massand i + its mass,andm � is the costof raw material � per unit mass. This way, if
someconcentrationswere low and it was possibleto bring
themwithin tolerancesby addingpureelements,it wasdone
andtheadditive costsreducedtheprofit. If theconcentration



constraintscouldnot bemet, themasse wassetequalto 0,
sothattheorderresultedin negativeprofit.

C. NeuroevolutionImplementation

A crucial issuein implementingnumericaltaskswith neural
networks is the representationof numbersat the input and
output. Possibleapproachesinclude: (1) scalingnumerical
valuesbetween0 and1 andrepresentingthemasactivation
valuesof singleunits; (2) representingeachpossiblevalueas
a separateunit, with only oneunit on at any onetime (i.e. the
valuevalueunit approach);and(3) activatingsuchvalueunits
accordingto aGaussianpatternwhosemeanidentifiestheac-
tualvalue(Ballard1987).With neuroevolution,thenumberof
units is alsoa confoundingissuebecauseit is generallymore
difficult to optimizelargenetworksthansmallones.

After considerableexperimentation,a combinationof the
above threetechniqueswas found to perform the best(fig-
ure 2). In the input, eachmassvariablewas mappedto 5
value units, representingequal intervals betweenmaximum
andminimumvalues.Theseunitswereactivatedwith aGaus-
sianpatternwhosemeanidentifiedtheactualvalue.Thecon-
centrationsturnedout to requirelessprecision,andwererep-
resentedby single unit activationsbetween0 and 1, repre-
sentingthe minimum and maximumvalues. At the output,
eachraw materialquantitywasrepresentedby (max)20value
units: themosthighly activatedunit identifiedthepercentage
of thatraw materialto beusedin thecharge.

EachESPnetwork had20 hiddenunits,fully connectedto
the input and output. 1 Therewere therefore20 subpopu-
lations, eachconsistingof 100 neuronchromosomes.Each
chromosomewasformedby concatenatingthefloatingpoint
numbersrepresentingthe input-to-hiddenandthe hidden-to-
outputweightvaluesof theneuron.One-pointcrossoverwas
usedto generatetwo offspring, andeachoffspring chromo-
somewasmutatedwith a probabilityof 0.2, replacinga ran-
domly chosenweight in the encodingwith a randomvalue
within [0.0, 1.0]. At eachgeneration,thetop 25%of thepop-
ulationwasrandomlymatedto replacethebottom50%of the
population.Theoffspringwasevaluatedby randomlyforming
200networksfrom thecurrentsubpopulations.

IV. RESULTS
Figure3 depictstheprogressof a typical evolutionsimula-

tion, in thiscasewith full dimensionalityandprecision.ESP’s
performancefirst improvessignificantlyduring the first 200
generationsof evolution, but then levels off, and very little
furtherprogressis madeevenin prolongedevolution. Eachof
thesimulationswererun until suchstagnationwasobserved,o

In preliminaryexperiments,computingtheoutputpercentagein termsof
activation-weighted averagewas also tried but the resultswerenot signifi-
cantlydifferent.Also, hiddenlayerswith 5, 20,50,and100unitsweretried,
but they did notsignificantlydiffer in performance.

Fig. 3. Progress of ESP Performance over Time. Fitnessof the
bestnetwork is plottedover time (i.e. generationsof evolution)
for the caseof 13 raw materialsand 20 output units for each
percentage.Theinitial progressis quiterapidbut eventuallythe
performancelevels off anddoesnot improve even in prolonged
evolution.

whichusuallytookabout1000–2000generations,or 3–5days
on a 1-GHzPIII machine.

In orderto determinehow ESPcomparesto LP with differ-
entdegreesof inputdimensionality, bothmethodsweretested
usinga varyingnumberof input raw materials:2, 3, 6, 9, 11,
and13. Theorderswerechosensothatit wasalwayspossible
to fill themwith theavailableraw materials.In eachcasea 5-
fold cross-validationexperimentwasperformedon the 1000
order database.In eachof the 5 runs, a set of 200 orders
waschosenrandomlyfor eachevaluationout of an800order
trainingsetandusedin measuringfitnessduringevolution. A
setof 200orderswereusedto measurethefinal network per-
formanceafterevolution hadbeenobservedto stagnate.The
sametestsetwasusedto measuretheperformanceof LP.

Figure 4 summarizesthe performanceof eachmethods.
Whenonly two raw materialswereused,ESPachieveda fit-
nessof 994,661which was significantly better than that of
LP. The differencewasinsignificantfor 4, 6, and9 raw ma-
terials,but for the full 13, LP performedsignificantlybetter,
at 867,178. In other words, when the input dimensionality
is low, ESPsignificantlyoutperformsLP, apparentlyby com-
pensatingfor theuncertaintyin thedataaswe hypothesized.
As thenumberof dimensionsgrows,however, ESPbeginsto
havemoretroubleandeventuallycannotcompetewith LP.

In previouswork, neuroevolutionhasbeenshown effective
evenwith veryhigh-dimensionalinputwhentherequiredout-
putprecisionis low (ase.g.in selectingthebestmovein game
playingor prey captureGomezandMiikkulainen 1997;Mo-
riarty et al. 1999). To test the effect of precisionon perfor-
mance,ESPwasalsotestedon optimizing the full setof 13
raw materialswithin a limited degreeof outputprecision,i.e.
3, 4, 5, 10, and20 possiblevaluesfor eachoutputpercent-
age.A 5-fold cross-validationexperimentwasperformedon



Fig. 4. Neuroevolution Performance with Varying Dimension-
ality. With a low numberof input dimensions,ESPperforms
significantlybetterthanLP, but cannotcompetewith full 13 raw
materialsasinputs.In themid-range,thedifferencesarenotsig-
nificant.Theplotsareaveragesof five runs.

thesamedatain eachcase.
Theresultsareseenin figure5. Interestingly, thebestper-

formanceis achieved with very low levels precision. With
only 5 output percentagelevels to choosefrom, the perfor-
manceis 811,870,i.e. comparableto thatof LP. As thenum-
berof outputunits increases,theperformancedecreases;ap-
parentlyESPhastroubleoptimizinga largenumberof output
weights.With fewer than5 outputunits for eachpercentage,
the performancealsodeclinesbecausetherearenot enough
optionsto constructa feasibleorderwithin theconstraints.

Togethertheseresultssuggestthatneuroevolutionis ableto
compensatefor the uncertainty, but currentlydoesnot scale
up very well whentherequireddimensionalityandprecision
is increased.

V. DISCUSSION AND FUTURE WORK

Theresultspresentbothapromiseandachallengefor neu-
roevolution research.They arepromisingin thatit is possible
to learnto compensatefor uncertaintyin thedata,andthere-
fore probablyalso to utilize hiddenregularitiesin the data.
Sucha capability shouldbe valuablein many optimization
problemsin the real world. For example,it may be possible
to trainanotherneuralnetwork (with backpropagation)to pre-
dict theoutcomeof themeltingprocess,therebycapturingthe
otherwiseunknown regularitiesin the domain. Neuroevolu-
tion canthenbe usedto developa decisionmakingnetwork
thatperformsoptimally wrt. theneuralnetwork modelof the
domain,Suchadecisionmakingnetwork shouldthenperform
verywell in theactualrealworld taskaswell.

The challengeis to improve the methodsso that they can
dealwith morevariablesaccurately. Fine tuning neuralnet-
workswith evolution in generalis difficult. Unlike with gra-

Fig. 5. Neuroevolution Performance with Varying Precision.
With only 5 unitsto representthedifferentpercentagevalues,the
performanceof ESPis comparableto that of LP, but decreases
whenmoreprecisionis required.Theplot is an averageof five
runs.

dientdescentmethods,wherethegradientcanbefollowedby
makingarbitrarily small changesto all weights,in neuroevo-
lution thechangestendto bemoredrastic:swappingpartsof
the network, or mutatingan individual weight significantly.
Suchaprocessis goodfor discovery, but mayneedto beaug-
mentedby e.g. stochastichillclimbing, value function itera-
tion,or particleswarming(Conradieetal.2002)to achievethe
desiredprecisionin many dimensionsat once.It mayalsobe
possibleto achievehigheraccuracy with indirect,compressed
representationof the network weights(Whitley et al. 1995).
Methodsthatoptimizethestructureof thenetwork aspartof
theevolution (Stanley andMiikkulainen 2002;Whitley et al.
1995)mayalsohelpbalancethedemandsfor highdimension-
ality andhigh precision.

It is worth noting that numericaloptimizationwith neu-
roevolution has one clear advantageover standardmeth-
odssuchasLP: optimizationrequiresonly onepropagation
throughthe network, which is extremely fast. With full di-
mensionalityand precision, our evolved network was 600
times fasterthanLP. With fixed-sizehiddenlayer, the opti-
mization time grows linearly with dimensionality. Suchex-
tremely fast approximateoptimizationmay turn out highly
usefulin e.g.real-timedomains.

VI. CONCLUSION

Neuroevolution hasbeenshown to performwell in many
control tasksincludingpolebalancingandrobotarmcontrol.
Thesedomainsrequireeitherlow precisionwith many param-
eters(e.g.polebalancing)or highprecisionwith few parame-
ters(e.g.robotarm). In suchdomains,neuroevolution is able
to learnandutilize theunderlyingregularitiesin thedomain,
andcanperformsignificantlybetterthandirectmathematical



optimizationmethodssuchasLinearProgramming.However,
thecurrentneuroevolutionmethodsdo not provideanadvan-
tageif the problemrequiresa high degreeof precisionwith
many parameterssimultaneously, posingan interestingchal-
lengefor futureneuroevolutionresearch.
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